The hadronic light-by-light scattering contribution to muon g −2 is examined based on the low energy effective theories of QCD, the Nambu-Jona-Lasinio model and hidden local symmetry approach, supplemented by a general information concerning the asymptotic behavior of QCD. Our result is −52×10 −11 with an uncertainty of ±18 × 10 −11 , which includes our best estimate of model dependence. This is within the expected measurement uncertainty of 40 × 10 −11 in the forthcoming experiment at Brookhaven National Laboratory. Our result removes one of the main theoretical obstacles in verifying the existence of the weak contribution to the muon g − 2.
I. INTRODUCTION
A substantial improvement in the measurement of the muon anomalous magnetic moment a µ ≡ 1 2 (g µ − 2) is planned at the Brookhaven National Laboratory. The precision of the measurement is expected to reach the level of [1] 40 × 10 −11 .
(1.1) This is about 20 times more accurate than the best value available at present [2] a µ (exp) = 1 165 923 (8.5) × 10 2) where the numerals in the parentheses represent the uncertainties in the last digits of the measured value.
Compared with the electron anomaly, for which all contributions other than QED are negligible, the muon anomaly is more sensitive to shorter scales where the hadronic and weak interaction effects are important. Also, provided that the standard model prediction is known precisely, the muon anomaly will be a sensitive probe of physics beyond the standard model. A typical standard model prediction is [3] a µ (th) = 116 591 877(176) × 10 −11 .
(1. 3) We note that the uncertainty in (1.3) is comparable with the one-loop weak interaction correction [4] a µ (weak-1) = 195 (1) × 10 −11 .
(1.4)
Thus further improvement of the theoretical prediction is necessary in order to be able to confirm the existence of the weak correction term in a µ .
The uncertainty in (1.3) is dominated by the error associated with the estimate of the strong interaction correction to a µ . The bulk of this effect is due to the hadronic vacuum polarization contribution, which starts at O(α 2 ). (See Fig. 1 of Ref. [5] for the Feynman graphs which give this type of contribution.) Fortunately, this contribution is calculable without relying on our theoretical knowledge of strong interaction. The O(α 2 ) contribution to the a µ (had.v.p.) can be expressed in the form [6] a µ (had.v.p.) O(α 2 ) = αm µ 3π 2 ∞ 4m 2 π ds R(s)K(s) s 2 (1.5) by applying the dispersion relation and the optical theorem. Here R(s) is the hadron production cross section in e + e − collisions normalized to the lowest order formula for the µ + µ − production cross section σ(e + e − → µ + µ − ) = 4πα 2 /3s. The formula (1.5) enables us to reduce the issue of our ignorance of strong interaction dynamics to the experimental determination of R(s) [7] . The integral (1.5) has been evaluated by several groups [5, 8, 9] . For instance the estimate given in Ref. [3] is a µ (had.v.p.) = 7 068 (59) (164) × 10 6) where the first and second errors are statistical and systematic, respectively. Works [9, 10] which include more recent data are not too far off from (1.6), although the evaluation of uncertainties in the experimental data still varies considerably among authors. Future measurements at VEPP-2M, DAΦNE,and BEPS are expected to reduce these uncertainties to the level of the upcoming experiment (1.1) [10, 11] .
On the other hand, the contribution of the hadronic light-by-light scattering diagram shown in Fig. 1 is potentially a source of more serious difficulty because it cannot be expressed in terms of experimentally accessible observables and hence must be evaluated by purely theoretical consideration. The purpose of this paper is to report on our attempt to estimate this hadronic light-by-light scattering contribution to the muon anomaly. A summary of our preliminary results has been given in Ref. [12] . We present the detailed analysis here.
The paper is organized as follows. Sec. II starts with a survey of previously reported results on the hadronic light-by-light scattering contribution to the muon g − 2. With the help of chiral perturbation theory and Nambu-Jona-Lasinio (NJL) model, we find that the relevant diagrams associated with this contribution are the ones shown in Fig. 2 of Ref. [13] . We also give an outline of strategies to solve the problems we have encountered. The next three sections are devoted to the treatment of the three types of diagrams; Sec. III to the charged pseudoscalar loop contribution of Fig. 2(a) , Sec. IV to the neutral pseudoscalar pole contribution of Fig. 2(b) , and Sec. V to the quark loop contribution of Fig. 2(c) . Sec.
VI summarizes the present study and compares it with the recent result of Ref. [14, 15] based on the extended Nambu-Jona-Lasinio (ENJL) model and discuss its implications.
II. SURVEY AND IMPROVEMENTS
This section begins with an overview of the previous studies on the hadronic light-by-light scattering contribution to the muon anomaly. We then point out a few problems associated with its evaluation, and describe the procedure which we have adopted to solve them.
A. Previous Studies
The muon anomalous magnetic moment receives important contributions from hadronic physics. Naive dimensional consideration suggests that the effect of the physics of the typical scale Λ higher than the muon mass m µ is suppressed by (m µ /Λ) 2 . This implies that contributions to a µ from QCD will be dominated by nonperturbative aspects of QCD. Thus we are confronted with a calculational difficulty; the relevant hadronic contribution to the light-by-light scattering amplitude may not be calculable from first principles in the current stage of development of QCD.
As the next best procedure, we may appeal to the chiral perturbation theory which attempts to describe the low energy dynamics of QCD in terms of hadrons. Its leading behavior is given unambiguously by the low energy theorems on the dynamics of pions (and kaons) which are the Nambu-Goldstone bosons resulting from spontaneous breakdown of chiral symmetry. The scalar QED calculation in Ref. [5] corresponds to the lowest-order evaluation in this context. Corrections to the lowest order results may be obtained by adding higher order terms of a power series expansion in momentum variables.
For the calculation of the muon g − 2, however, such a systematic chiral perturbation technique runs into some problems. Insertion of a vertex with high power of momentum into Feynman diagrams for the muon anomaly, as a correction to the hadronic light-bylight scattering amplitude, yields a divergent result. Thus we must resort to an alternative approach which unfortunately is more model-dependent. For instance, Ref. [5] introduced the vector meson resonances. It should be noted that the explicit incorporation of vector mesons allows one to compute higher order counterterms [16] in the chiral Lagrangian.
The resulting O(p 4 ) counter terms agree reasonably well with experimental determination.
A well-known example of the success in this direction can be seen in the description of pion's electromagnetic form factor F (q 2 ), where q is the photon momentum. There, the vector meson dominance (VMD) model works even for q as large as the mass of ρ meson,
Now we shall return to our topic. From the point of view of chiral perturbation theory, pions will contribute to a µ most significantly in the form of the diagrams shown in Fig. 2(a) and (b). A priori we do not know the magnitudes of photon momenta which are important for these contributions. For example one may attempt to estimate the contribution of Fig. 2(a) in the lowest-order of chiral expansion which we will denote as a µ (a, sQED). On the other hand we recognize that the VMD model describes the π + π − γ coupling well for on-shell pions. Thus we are motivated to include the VMD model explicitly in the ππγ coupling. A naive approach, which leads to a µ (a, nVMD), introduces vector meson to replace a photon propagator as [5] ;
The numerical results obtained by following these procedures were [17] a µ (a, sQED) = −0.043 respectively. We see a large modification when vector mesons are introduced. A natural question arising from this observation is :
(Q 1 ) Is the modification caused by the introduction of VMD model real ? If it is, why it seems to conflict with our expectation based on chiral perturbation theory that the vector meson effect is very small at low energies ?
Next let us turn our attention to the diagram shown in Fig. 2(b) . It includes the π 0 γγ vertex induced by the chiral anomaly. It is well-known that the effective interaction
where f π ≃ 93MeV is the pion decay constant and F µν is the field strength of photon, describes the behavior of π 0 γγ vertex in the limit of zero pion momentum and on-shell photons. However, naive use of Eq. leads to an ultra-violet divergent result. This is a signal that the interaction (2.4) is not applicable to photons and pions far off mass-shell and must be replaced there by some form factor. In Ref.
[5] such a form factor was introduced by an ad hoc adoption of the VMD picture. Correcting a sign error in the previous calculation [5] , this contribution was found to be
In the previous analysis the quark loop diagram in Fig. 2 (c) has been treated as not independent of the first two diagrams. Rather it was used as an alternative approximation of the hadronic light-by-light scattering contribution to a µ . If this assertion is correct, the result for quark loop [5] a µ (c) = 0.048 6) in which constituent quark masses are used, should be nearly equal to the sum of (2.3) and (2.5). However, even their signs do not agree with each other.
Therefore there arises the second question:
(Q 2 ) Are three diagrams shown in Fig. 2 independent after all ?
We will examine these questions and explore the prescriptions for remedy in the next subsection.
B. Improvements
First consider the question Q 1 . It has been pointed out that the naive VMD model of [5] does not respect the Ward identities required from electromagnetic gauge symmetry [18] .
We found further that it is not compatible with chiral symmetry. To solve these problems, it is useful to introduce VMD in a way that preserves chiral symmetry. This can be achieved by appealing to the hidden local symmetry (HLS) approach [19] . This formulation maintains gauge invariance and chiral symmetry explicitly and reproduces all the low energy theorems assured by chiral symmetry, such as the KSFR relation. The question Q 1 may thus be raised within the HLS framework. Keep in mind, however, that this approach is somewhat oversimplified. In particular it ignores higher resonances beyond the usual vector mesons.
We must analyze and reevaluate the error in our final result taking account of the modeldependence.
We shall now turn to the second question Q 2 . The previous work assumed that the quark loop calculation and the pion calculation are two distinct approximations to the same hadronic light-by-light scattering effect on a µ . They should, therefore, yield the similar results and must not be added together. As was noted in Ref. [13] , however, in the extended Nambu-Jona-Lasinio (ENJL) model, the quark loop diagram contribution is independent of the other two so that all three contributions should be added altogether.
This point can be made clearer by considering the 1/N c expansion together with the chiral expansion. Let us summarize the above considerations and add a few corollaries:
(1) The HLS approach avoids the inconsistency that has been observed in the naive VMD approach used in the previous analysis, i.e., violation of chiral symmetry and electromagnetic
Ward identities (This will be demonstrated in Sec. III B).
(2) Three diagrams shown in Fig. 2 should be added. Especially the quark loop diagram which represents the averaged hadronic continuum effect in a certain energy region has been discussed as independent of the other two. leads to ultra-violet divergence, indicating that (2.4) must be modified by a form factor far off mass-shell. Possible modification dictated by the asymptotic behavior of QCD will be discussed in Sec. VI. Here we simply note that the prescription adopted in Ref. [5] , in which the VMD was introduced merely as a convenient UV cut-off, can be justified within the HLS approach [21] . Note that the HLS Lagrangian can be obtained as an effective theory of the ENJL model [22] . Thus, a similar conclusion can also be reached in the ENJL model -the pion pole diagram contains two triangle loops of constituent quarks and ρ mesons is allowed to propagate before the quarks couple to photons. Fig. 3 shows this contribution diagrammatically. However, its evaluation needs some care, especially due to the requirement of anomalous Ward identities [14] , as is described in Sec. IV B.
(5) In the quark loop diagram, the vector meson will affect the coupling of the quark to the photon. Using the ENJL model as a guide we determine the quark coupling to vector mesons. Its graphical expression is found in Fig. 4 of Ref. [13] .
III. CHARGED PSEUDOSCALAR LOOP

A. Hidden Local Symmetry Approach
For a complete description of HLS, the reader is referred to Ref. [19] . Mainly for the purpose of giving the Feynman rule relevant to our problem, we shall briefly discuss the formalism. The HLS incorporates vector mesons, such as ρ, as gauge particles of HLS,
[SU(2) V ] local in our case. The explicit form of the Lagrangian, assuming chiral symmetry
where
In Eq.(3.1) F V µν and F µν are the field strengths of the vector meson
, are Pauli matrices) and the photon A µ , respectively, and g V represents the coupling constant associated with HLS. f π is the pion decay constant (∼ 93 MeV), and the coefficient a of L V is an arbitrary constant to be fixed by experiment.α { ,⊥} µ consists of covariant derivatives of the basic objects ξ L (x) and ξ R (x) in the HLS approach:
where the covariant derivatives D µ ξ L,R (x) are given by
ξ L and ξ R contain the pion field π a (x) as well as the scalar triplet σ a (x):
. The latter, on breaking the symmetry, will be absorbed into vector mesons V µ to give them masses. In the last term of Eq. (3.1) B 0 is a dimension-one constant associated with the quark condensate [23]
It combines with the current quark mass m u in the mass matrix M = diag(m u , m d ) (we neglect the isospin violation due to the quark masses so that we set m d = m u henceforth)
to give the pion masses
In the unitary gauge σ = 0 for HLS, the relevant interaction terms for the present computation can be found as follows:
In this expression various masses and coupling constants are related to each other by [19] 12) and A µ represents the photon field to the order e 2 . As is seen from Eq. (3.12) the complete vector meson dominance (namely g γππ = 0) is realized when a = 2. This is also close to the observed data. Note that Eq. (3.8) does not contain the ρ 0 ρ 0 π + π − term. This is the crucial difference between the chiral Lagrangian (3.1) and the VMD model of Ref. [5] . The absence of π + π − ρ 0 ρ 0 coupling with no derivatives will be a common feature of chiral symmetric effective model, as implied by other models, too [16, 24] .
B. Ward Identity
Einhorn argued [18] that the calculation of Ref. [5] does not satisfy the Ward identities among the couplings of π and γ required from the electromagnetic symmetry. The purpose of this subsection is to demonstrate its recovery in the present approach. For simplicity let us consider a πγ scattering amplitude and show explicitly that the relevant Ward identity is satisfied in the present approach. If we define the amputated Green functions G µν and Γ µ in momentum space by 13) and denote the (full) pion propagator as iD(p), the Ward identity can be written as
In the naive VMD model of Ref. [5] the photon propagator [25] 
is replaced everywhere by
Thus, in this VMD model, the Green function Γ µ (or G µν ) defined above is simply obtained by the multiplication of one (or two) ρ propagator(s) to the corresponding quantity in scalar
Evidently the identity (3.14) cannot hold due to the difference in the numbers of ρ propagators between Γ µ and G µν . On the other hand, in the HLS approach, they are given, to the order of our interest, by
where H µν (k) is defined by
It is an easy algebraic task to confirm that the identity (3.14) holds now. In order to consider the recovery of Ward identity in more detail, we may add the
propagator in Eq. (3.17) by treating it as massive vector meson
Then the expression (3.17) becomes
The comparison of Eqs. (3.21) and (3.18) with a = 2 shows that the absence of the .18) is responsible for the recovery of the identity (3.14). This is a consequence of the nonexistence of the direct ρ 0 ρ 0 π + π − -term, as has been stressed in Sec. III A. This argument applies equally well to the light-by-light scattering amplitude caused by a charged pion loop.
C. Muon Anomaly
We can now evaluate contributions of diagrams of Fig. 2 to the muon anomaly a µ . Let the vertex correction from a diagram S be denoted as Λ ν S (p, q) for the incoming photon momentum q, apart from the factor "ie". Then the contribution to a µ from the diagram S is given by
where P ν (p, q) is the magnetic moment projection operator 
where a µ (sQED; (A 2 , {2, 3, · · ·})) denotes the quantity obtained by replacing the photon propagators of the lines 2, 3, · · · with the propagators of mass M ρ . This differs from the calculation of Ref. [5] by the absence of the terms
Since the γπ + π − vertex receives no modification, the contributions of the diagrams
in Ref. [5] remain unaltered.
The prescription for numerical evaluation of Feynman integrals follows that described in
Ref. [26] . As in scalar QED, the B ′ ij which appears on the right-hand-side of Eq. (37) of Ref.
[26] must be changed to B ij . The correctness of this change can be shown explicitly in the same manner as in the Appendix B of Ref. [5] . The renormalization [27] is required for calculating individual diagram since each diagram, not being gauge-invariant, has logarithmic divergence residing in the hadronic light-by-light scattering subdiagram. The evaluation of integrals is performed with the help of the Monte Carlo integration routine VEGAS [28] .
Let us now summarize our results. To begin with we checked the scalar QED result in is real. Of course, the errors quoted above are those of numerical integration only and do not include estimates of model dependence.
D. Discussion of Large Momentum Contribution
As we have seen in the previous subsection, the ρ dominance structure has significant effects on the hadronic light-by-light scattering contribution to a µ . In order to gain some in- is the dominant term in the ρ-meson propagator:
for |p 2 | ≪ M Before writing down our best estimate of the charged pion loop contribution to the muon g − 2, it must be recalled that the result (3.27) is based on the specific hadron model. In principle, any models which preserve chiral symmetry and the relevant Ward identities are the candidates for this computation. Any of these models is expected to lead to more or less the same hadronic light-by-light scattering amplitude provided that the chiral symmetry is intact. Eq. (3.34) indicates, however, that the large photon momenta give rise to significant contribution to a µ . Thus the hadronic structure in photon beyond the ρ mass may be non-negligible. The model dependence may enter here.
In this computation, we have used the HLS approach. Even within this framework we assume further a complete ρ dominance. Also we could have chosen the version of HLS with higher resonances, such as A 1 . All these would increase the uncertainty of our result.
The previous work based on the ENJL model [13] asserts that the QED result of pion loop should be included from the standpoint of systematic chiral expansion. As was mentioned previously, the ENJL model Lagrangian is always written in the form consistent with HLS.
Then the pion loop contribution in that model reduces to the one obtained here when we approximate more complicated form factor of π + π − γγ and π + π − γ [29] .
In spite of these model dependences, we expect the total error to be within 20 % of the difference a µ (a, HLS) − a µ (a, sQED). This is because integrations over the photon and muon momenta are convergent in these diagrams and hence the contribution of large photon momenta does not distort our picture of low energy pion loop too severely.
The kaon loop contribution is found to be about 4 % of the pion contribution. Taking 
IV. NEUTRAL PSEUDOSCALAR POLE
The first subsection here describes the detail of our prescription adopted in Ref. [12] .
The second subsection describes extension of our method to include the pole-type axial contribution, and discusses the total contribution of this type.
A. Incorporation of Triangle Quark Loop
For the purpose of later comparison, we record again the result (2.5) for the neutral pion Here we used the newly written FORTRAN programs for evaluating this result. Note that a sign error in some part of the integrand in [5] is corrected in (4.1).
It is far from certain that the off-shell behavior, in particular, with respect to the pion momentum, is well-approximated by the use of the effective interaction (2.4) modified by the HLS method. The examination of different off-shell extrapolation scheme will give some insight in the dependence of muon anomaly a µ (b) on the off-shell behavior. Here we choose the diagram shown in Fig. 3 , which is again suggested by the ENJL model, as a model for such an extrapolation scheme, and evaluate it explicitly.
Let us begin by noting that, in Fig. 3 , the one-quark-loop subdiagram corresponding to
). This amplitude is reduced to the one obtained from (2.4) in the limit p The numerical evaluation can be carried out in a straightforward manner if we re-express (4.2) in the form of momentum integral representation and use the general formalism [26] for the evaluation of Feynman integral. The result is found to be (for 5 million sampling Table III are summarized by the following asymptotic form:
These results show that the same consideration as in Sec. III D also applies here.
Note that the η pole contribution, when the mixing among π, η and η ′ is taken into account, amounts to 25 % of (4.4):
which is obtained using 5 million sampling points per iteration and 20 iterations. The ρ mass dependence of the η contribution is listed in Table IV (for 5 million sampling points per iteration and 10 iterations). From this Table we obtain an approximate asymptotic formula This is the result for the pseudoscalar pole contribution given in Ref. [12] .
Further discussion of the off-mass-shell behavior of the π 0 γ * γ * vertex is given in Sec. VI.
B. Further Examination of the Pole Contribution
After our summarizing paper, Ref. [12] , was submitted for publication, we learned that the hadronic light-by-light scattering contribution to the muon g − 2 has also been studied by another group [14] in the large N C limit within the framework of the ENJL model. Their initial result for the contribution corresponding to Fig. 2 (b) disagreed strongly with our result. Since then, however, it was found that this was due to a simple numerical oversight [15] . Correction of this error brings their result closer to our a µ (b). Nevertheless, their report [14] stimulated our interest to study the axialvector pole contribution in some detail.
In order to facilitate comparison with the results of [14] , we follow their method closely.
In particular we use the notation which enables us to keep track of the normalization factor directly. For the operator j 5 ≡qT 3 iγ 5 q, j Q µ ≡qQγ µ q, where the isospin generator T 3 is normalized as 2tr(T 3 T 3 ) = 1, the PVV (pseudoscalar-vector-vector) three-point function is defined as
The part of Π 
where Λ χ is the momentum-cutoff which renders the quark loop contribution finite, m q is the constituent quark mass, and Γ(n, x) is the incomplete gamma function
The leading 1/N C term of Π PVV µν (p 1 , p 2 ) can be written as [32] 
χ is the scalar coupling constant in the ENJL Lagrangian can be found in Ref. [32] .
Next we turn our attention to the AVV (axialvector-vector-vector) three-point function defined by
where Pauli-Villars regularization is understood. The last two terms of (4.19) come from the presence of anomaly contribution when −iq λΠAVV λµν (p 1 , p 2 ) is rewritten in terms of 20) a relation which was also used to derive Eq. (4.14).
Now the contributions of pseudoscalar and axial vector intermediate states to the four-
photon vertex graph can be written, for instance, as
The pseudoscalar pole contribution can be extracted from (4.21):
For the following analysis, momentum dependences of various functions will be ignored:
accounting for the wave function renormalization constant of pion 24) which is close ( and therefore set equal ) to unity, and Λ χ is taken as ∞. In this approximation
Eq. (4.22) reduces to 25) where the amplitude shown in (4.2), multiplied by a function L(p 
26) ). But such a limiting procedure is not self-consistent in the framework of the ENJL model. The term (1−g A ) in (4.27) corresponds to the term necessary in order to recover the anomalous Ward identity missing in (4.2) as claimed in Ref. [14] .
The contribution to the muon anomaly from the type of the graphs in Fig. 3 can be written as the magnetic moment projection ( see Sec. III C ) of This is handled by introducing the Feynman cutoff for the photon propagators
. Table V (10 million sampling points per iteration and 20 iterations for g A = 0.5, 2 million sampling points per iteration and 20 iterations for the other). Although our calculation is not exactly identical with that of Ref. [14] since we have disregarded the momentum dependence of g A (−q 2 ), etc., our result should be approximately equal to theirs. It turned out that we
were not able to reproduce the result in Ref. [14] .
The axial-vector meson contribution to four-photon vertex graph can also be extracted from (4.21) 
where the equality is imposed by the ENJL model, is numerically large ∼ 46 (for g A ∼ 0.5 [32] ). Thus there remains a possibility that such a term contributes to the muon g − 2 with the same magnitude as pseudoscalar does, but with the opposite sign.
An explicit calculation shows that (for g A = 0.5) the first term in (4.30), denoted as (1), and the second, denoted as (2), contribute respectively as
32)
The first one was calculated by 8 million sampling points per iteration and 15 iterations, the second by 3 million sampling points per iteration and 15 iterations.
We find that the axial-vector contribution has the same minus sign as the pseudoscalar one and is one order of magnitude smaller than the latter. Thus such a reduction of order as was seen in Ref. [14] cannot take place according to our calculation. In this respect we are in agreement with the corrected result in Ref. [15] . for g A = 0.5, M c = 1.0 GeV, (4.33) to the π 0 pole contribution given in Table V The result is summarized in Table VI and in the following asymptotic form:
Note that the suppression effect of vector meson is so large here that the value (5.1) is one order of magnitude smaller compared to (2.6). However the strong damping property on the quark mass is consistent with the observation that only the physical degree of freedom is important at low energies [33] . Algebraically such a rapid decrease occurs when all quark masses become comparable to M ρ since the relevant mass scale of the system turns then to the quark masses so that the cancelation of the two terms in (2.1) begins.
Again, we consider the errors arising from model-dependence to be within 20 % of the M ρ dependent term. This is because integrations over the photon and muon momenta are convergent in these diagrams and hence the contribution of large photon momenta does not distort our picture of low energy quark loop too severely. We are thus led to for the cut-off µ ranging from 0.7 GeV to 8.0 GeV.
On the surface, the results of [15] seems to be more reliable than ours, being less dependent on assumptions outside of the ENJL model. On the other hand, their result is not free from ambiguities either mainly because their theory does not tell which cut-off should be favored. In particular, it seems to be difficult to justify their results for large µ which lies well beyond the region of applicability of the ENJL model. [15] .
The contribution (6.3) is 2 to 5 times larger than our estimate (4.10). Since this is the largest term, it is the main source of disagreement between the two calculations. Actually, the low end value (−72 × 10 −11 ) of (6.3) is of the same order of magnitude as our value for a µ (b; m π , ∞, m q ) given in (4.3). Recall that in the latter calculation the anomalous π 0 γ * γ * vertex is approximated by a triangular loop of constituent quarks and photons are attached to the "bare ′′ quark directly. If one assumes that any QCD modification softens this coupling, our result (4.3) may be regarded as some sort of upper limit of the contribution of Fig. 2(b) . On the other hand, the result (6.3) increases with increasing cut-off µ beyond this "bound", suggesting that the result (6.3) diverges logarithmically as µ → ∞. This behavior is a consequence of the presence of a hard PVV vertex in their Lagrangian. Its prediction on the muon g − 2 must be viewed with severe reservation, however, since it is obtained by applying the ENJL model beyond its domain of validity determined by the cut-off Λ χ .
In fact, such an unwarranted application of the model (with a hard anomaly term) violates unitarity as γ * goes far off shell [35] , and hence must be tempered with some form factor. In other words, any realistic theory must be consistent with unitarity, be it the ENJL model or the HLS model.
An examination of Fig. 3 , in the limit where both fermion triangles shrink to points, shows that the UV divergence arises from the integration domain in which the momenta carried by the photon 3 and pion 4 are small while the momenta carried by the photons 1 and 2 are large. The far-off-shell structure of the π 0 γ * γ * vertex in such a region has been studied using the Bjorken-Johnson-Low theorem [36] , which shows 1/q 2 behavior asymptotically, where q ∼ q 1 ∼ q 2 [37] . The case where only one of the photons (q 2 ) is far off-shell has also been studied by an operator product expansion technique [38] . Based on the latter analysis a formula of the form interpolating between p 2 1 = 0 and p 5) has been suggested for the form factor F (p It appears to be difficult to resolve the difference between our calculation and that of Ref.
[15] completely because of different approaches and because of the necessity to apply the low energy effective theory of strong interaction beyond its safely tested domain. The complete resolution may have to wait for the lattice QCD calculation of the four-point function. With the rapid improvement of the computing power, such a day may not be too far off.
The transformation properties of v µ , a µ , ρ µ , and the unitary matrix (U) consisting of the pseudoscalar meson are given by
for the chiral transformation (V L , V R ). Then the covariant derivative D µ U: The transformation property of the combination (gρ µ − v µ ) is found to be (gρ
from (A4) and (A6). On the other hand, from (A5) and (A7), we find (gρ
Since V L and V R are independent, we may consider the case where V L = 1 and V R is nontrivial. Then, from Eqs. (A9) and (A10) we obtain
For simplicity, let us consider the two-flavor case, and set V R = e 
where " * " denotes complex conjugation.
Picking up the third component of both sides of (A11), for instance, we get
that is, (gρ µ − v µ ) 3 = 0.
In a similar way we can prove that gρ µ − v µ vanishes for other components. This means that ρ µ is nothing but an external vector field and the vector meson has not been incorporated in the theory as a dynamical object. 
